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Abstract 

We construct twisted Calogero-Moser (CM) systems with spins as the Hitchin systems 
derived from the Higgs bundles over elliptic curves, where transitions operators are defined 
by an arbitrary finite order automorphisms of the underlying Lie algebras. In this way we 
obtain the spin generalization of the twisted D’Hoker- Phong and Bordner-Corrigan-Sasaki- 
Takasaki systems. As by product, we construct the corresponding twisted classical dynamical 
r-matrices and Knizhnik-Zamolodchikov-Bernard equations related to the automorphisms of 
the Lie algebras. 
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1 Introduction 

We consider a class of integrable systems similar to those that introduced some time ago in two 
cycles of works [H and m- It is so-called twisted elliptic Calogero-Moser (CM) models related 
to a simple group G. Implicitly, they were appeared independently in the work of Etingof 
and Schiffmann [8] devoted to classification of dynamical classical r- matrices. This type of 
r-matrices were introduced in m- In this paper we identify these system with a specific class 
of the Hitchin system related to elliptic curves S,- (r is the modular parameter) and in this way 
associate them with special Higgs bundles over elliptic curves. 

It was discovered in HZ! (see also EES]) that the standard SLn CM systems can be con¬ 
sidered as a Hitchin system related to the trivial Higgs bundle over an elliptic curve with a 
marked point. This approach was generalized to elliptic CM systems related to arbitrary simple 
Lie groups and topologically non-trivial Higgs bundles in |271|28]. Simultaneously, the dynam¬ 
ical classical r- matrices were derived in the similar way via the Poisson reduction from the 
canonical structure on the Higgs bundles (see also the earlier works 13 El). The underlying holo¬ 
morphic bundles in this construction are defined by two transition operators, satisfying some 
commutativity conditions. If their group commutator is the identity element, then the bundle 
is topologically trivial. In this case we come to the elliptic CM systems with spin [ISEIIEZ]. 
If the group commutator is equal to a non-identity element of the center2^(G), the bundle is 
nontrivial. It is described by the characteristic classes defined as an element of Z{G)). 

The moduli space of these bundles, the corresponding elliptic CM systems and dynamical r- 
matrices were considered in [271 ESj • 

In this paper we replace one of the transition operators by the finite-order automorphisms 
of the corresponding Lie algebras. We describe the moduli spaces of the trivial and nontrivial 
holomorphic bundles obtained in this way in terms of the quotient of Cartan algebras with 
respect to the action of the Bernshtein-Schwarzman group (I4.32|) . (|4.53D . (|4.67l) . We construct 
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the corresponding Higgs bundles and twisted CM systems. 0 In addition to the Lax operators 
and the Hamiltonians (j5.23p . (|5.25p we derive the classical dynamical r-matrices (j6.2l) . They 
govern the Poisson structures of the corresponding systems. In such a way we partly cover 
the classification of the classical dynamical r-matrices [ 8 ] based on symmetries of the extended 
Dynkin diagrams. The moduli spaces of the dynamical r-matrices are defined by the moduli 
spaces of the corresponding holomorphic bundles. They were intruduced and studied in [9]. The 
r-matrices related to all finite automorphisms of simple Lie algebras coming from the trivial 
bundle were constructed in [TO] . 

In particular, for the CM systems we come to results closed to |1] and US). It should be 
note that the systems considered in those papers are spinless CM systems related to a simple 
group G, while in our case we come the CM systems with spin. They can be considered a 
generalization of CM type systems described in |21] . To come to the spinless systems one should 
specify representations of the underlying Lie algebra, as it was done in HEl]. Another approach 
to the spinless systems developed in [20] is based on the equivariant embedding of G in GL{N). 
Note, that the Hitchin type derivation of the twisted Calogero systems was proposed also in 

m- 

Following the general prescription [laiis] we construct the Knizhnik-Zamolodchikov-Bernard 
(KZB) connection using the classical r-matrices. It is flat connection in the bundle of conformal 
blocks over the moduli space of elliptic curves with marked points. The conformal blocks dehne 
the correlators in the WZW theory on elliptic curves. The fields in the theory considered in 
this paper satisfy the specific quasi-periodicity conditions. The monodromy of the helds around 
one of the cycles is dehned by the outer automorphism of the underlying simple algebra. This 
construction is very similar to one proposed in [25l |29| . 

Acknowledgments. 

The work of M.Olshanetsky was performed at the Institute for Information Transmission Problems with 
the financial support of the Russian Science Foundation (Grant No.14-50-00150) 

2 General construction 

Let Eg be a Riemann surface of genus g, G \s a. simple complex Lie group, and 0 its Lie algebra. 
Let R be a principal G-bundle over Eg and Eg = V Xq V is the associated bundle (H is a G 
module). 

We will pay a special attention on the case, when V is the Lie algebra g with the adjoint 
action Ado of G on g. In this case we deal with the adjoint bundle Ada = £g XAd^ 0- 
fibers of the bundle carry the Lie algebra g structure. 

The Higgs bundle T-L{G,Tig) over the Riemann surface Eg is the pair where <!' is a 

Higgs held. It is a holomorphic 1 -form on Eg taking values in End Eg- 

Here we investigate the Higgs bundles over the elliptic curves (the genus one case) and 
construct the corresponding integrable systems. 

2.1 Holomorphic bundles over elliptic curves 

Our hrst goal is to describe the moduli spaces and to classify the topological types of these 
bundles, when Eg is an elliptic curve E,- ~ C/(rC 0 C), (Imr > 0). 

The moduli spaces Bun{T,T,G) can be dehned in the following way [UEIISD]. Let pi and pr 
be two generators of the fundamental group 7 ri(ET-) corresponding to the shifts z ^ z + 1 and 

^For the trigonometric (Calogero-Sutherland) systems the similar approach was developed in |lll I12| . 
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z ^ z + T satisfying the relation 


( 2 . 1 ) 


PlpTpl = 1 - 

The sections of a G-bundle EciV) over S,- satisfy the quasi-periodicity conditions 

ii{z + 1) = A{z) ii{z), ijjiz + r) = B{z)ii{z), (if: e r{EG{V))), (2.2) 

where the transition operators {A,B) should respect (|2.1I1 

A{z)B-^{z)A-^{z + t)B{z + 1) = 1. (2.3) 

By definition, these transition operators define a topologically trivial bundle. 

Let C be an element of the center Z{G) of the universal covering group G. To come to a 
non-trivial bundle replace (12.3p by equation 

Aiz)B-\z)A-\z + t)B{z + 1) = C • (2.4) 

A bundle E is equivalent to E if its sections V’ are related to V’ as il’iz) = f{z)ij:{z), where f{z) 
is invertible operator acting mV. It follows from (12.2p that transformed transition operators 
have the form: 


Af{z) = f{z + l)A{z)r\z), Bf{z) = f{z + T)B{z)f-\z). (2.5) 


These transformations form the group of automorphisms Q (the gauge group) of the bundle Eq- 
According to m these the transition operators can be transformed to constants (see below 
ProDosition l4.2l) . Thereby, {A,B) form the projective representation of 7ri(ST-). The moduli 
space of stable holomorphic bundles over S,- can be defined as 


Bun^iJ^r, G) = {[A, B-i] = Q/G , C G Z{G ). 


( 2 . 6 ) 


It was proved in [a [30] that Bun(^{T,T-, G) for (^ = 1 is isomorphic to a weighted projective space. 

Consider the universal covering group G and the quotient group = GjZ{G), where Z{G) 
is the center of G 


1 ^ Z{G) -^G^G 


ad 


1 


(2.7) 


Then for the analytic sheaves over S,- we write the exact sequences 

1 ^ Z{G)) ^ G(Os) ^ G^^{0^) ^ 1, 


Then we come to the long exact sequences 

Z{G)) ^ G(Os)) ^ G“''(Os)) ^ Z{G)) ~ Z{G)) ^ 0, (2.8) 

The first cohomology group G{Oy:)) of Ej- with coefficients in analytic sheaves defines the 

moduli space Bun(^{Eri G) of the Lie-bundles. The elements from H‘^{Et-, G) are obstructions to 
lift the G°‘‘^ bundles to G bundles. They provide the topological classification of the holomorphic 
vector bundles 


C,{EQad) E H'^iEri Z{G)) — obstructions to lift EQad — bundle to Eq — bundle. 


Definition 2.1 Images of H^iEr^G{Os)) in H‘^{Er,Z) are called the characteristic classes 
C{Eg) of G-bundles. 

The cotangent bundle T*Bun{Eg,G) to the moduli space is the moduli space of the Higgs 
bundle over Eg. It is obtained from 7^(G, Eg) via the symplectic reduction. It is the phase space 
of algebraically integrable system |18] . In the case T*Buni^{Er, G) we obtain the Calogero-Moser 
type systems [niEZlESI. To derive in this way the twisted Calogero-Moser systems and twisted 
Knizhnik-Zamolodchikov-Bernard equations we replace the transition operator A ()2.2I1 on an 
outer automorphism of the underlying Lie algebra. 
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3 The finite order automorphisms of simple Lie algebras 

3.1 Inner and onter automorphisms 

The group of finite order automorphisms of simple complex Lie algebra g is a semidirect product 
of the subgroup of finite order inner automorphisms /nn(g) and the outer automorphisms Otit(g) 

1 —>• /nn(g) —)• Aut(g) —)• Ont(g) —1. 

Therefore, the outer automorphisms form the quotient group Ont(g) = Aut{Q)/Inn{g). 

Let G be a simple complex Lie group and Lie(G) = g. The outer automorphism group 
Out{G) of the group G is the quotient Aut{G)/Inn{G), where 

Inn{G) = {ihS ~ 

is the subgroup consisting of inner automorphisms. The outer automorphism group Out{G) is 
dual to the center Z[G) in the following sense. The inner automorphism i of G leads to the 
short exact sequence: 

Z{G) ^ G Auto —)• Outc ■ 

Here Z{G) = Ker{i) and Out{G) ~ Cokernel{L). 

The Autig) action has the following description [22l [23l [35] . Let us fix a Cartan subalgebra 
1) C g and system of simple roots H = n(g). Define group Hrtt(g,l),n) of automorphisms 
preserving tj and H. Let H°‘'^ = exp ad (f)) be a maximal torus in the group G'^'^ and Autiji) is 
a group of symmetries of the Dynkin diagram corresponding to H. Then 

Aut{g,'^,Yi) = K Aut{Ii), (3.1) 

and the general automorphisms are represented in the form Aut{g) = Aut{g, f},n) • Inn{g). 

Our goal is to construct a basis in g compatible with the Aut{g) action. It is presented in 
Appendix C. 

3.2 Generic finite order automorphisms automorphisms 

In this subsection we follow [22l[23| (see also Appendix C). 

We define the general automorphism of order p using ()3.ip . Let go be the invariant sub¬ 
algebra of v (IC.13P and f)o its Cartan subalgebra. Using this structure we can represent the 
automorphism a E Aut{g, f},n) (13.11) in the form 

/ 27rz \ 

a = z^exp - ad^ , k E t)o . (3.2) 

\ P J 

Let (sq, Si, ..., Sn) be nonnegative integers without nontrivial common factor and 

n 

p = r'^ajSj, {G = Id), (3.3) 

j=0 

(see ([C.Sp i. The general automorphism czr,* of g is defined by its action on the root subspaces 
(.E’dfc j dfc E n, (|G.7P , E-ao ) ([G.SP) 

ar,sEa^ = e{rsk/p)Ea^ , k = 0,...,n. (3.4) 
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If V = Id it is the adjoint action of the invariant torus = exp , (k G f)o) on g. 

Define the element «: G l)o by its expansion in the coroots basis Hj (|C.27p 

n 

K = G f }0 , 

i=i 


such that Ade(K) = Then the coefficients Cj are defined as follows. Let {d)jk = {ak,Hj) be 
the Cartan matrix corresponding to the twisted root system n ()C.7h . Then Cj = {d~^)jkSkr/m 
and 


Q 


e{K) = exp j Im- (d ^)jkSkHj 
^ j,k=i 


(3.5) 


Then AdQEa^ = e It follows from (|C.8P and ()C.3n that e(^ YJk=i o^kSk) = e(-^aoso). 

Thus, 

(Ji^sE-ao = AdQE^ao = e{sQr/p)E_ao (3.6) 


and in this way (Tr,s really defines the automorphism of order p. It is generated by the action 

(m 

o'r,s = k/Q = ye{K ), v G Out{Q) , = Id. (3.7) 

The automorphism cTr^s defines Z/pZ-gradation of the Lie algebra g 


0 = X] Si > o'r-,s(gj) = wgj , ujP = 1. 
i 


(3.8) 


3.3 Loop algebras and loop group 

Let C{Q,t) = 0 ® be the loop algebra. It is a map C* —)• g. Define the action of the 

automorphism on t as (Jr,sit) = i^t. Consider equivariant maps CoiQ,t,(Jr,s) G C* —)• g with 
respect to crr,s 


•^0(0; t, (Jr,s) 


CQ{ar,s[Q),0J 4 ), £0(0,i,i^) ^ ^ t^ Qj, modp ) 

i 


where Qj is defined in (13.81) . 

Let L(G) be the loop group corresponding to the G 


L{G) = G0C[t-\t]] 



(3.9) 


(3.10) 


Let N be the negative unipotent subgroup of G and B is the positive Borel subgroup. Define 
the loop subgroups 

L"^(G) = {<70 + git + ... = 5(0 + , Qj G G, go G B , (3.11) 

N~iG) = {n_ + git~^ + ... = n_ + , n_ G N~ . (3.12) 

Consider two types of the affine Weyl groups: 

Wp = {«) = wE , w G W , 7 G P^} , Wq = {re = wE , w G W , 7 G Q^} . (3.13) 
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They act on the root vectors as Ea = Eaf^ —)■ For the loop groups we 

have the affine Bruhat decompositions [M] 


w£Wp 


(3.14) 

(3.15) 


L{G)= U N-{G)wL+{G). 

wGWq 

Consider the twisted loop group [33] with the Lie algebra Co{Q,t, ar,s) l|3.9p . It is the subgroup 
of the equivariant maps 

Lo{G,ar,s) = {g{t) I (JrAait) = 9 At)} . (3.16) 

Let us look on its decompositions (13.141) . (I3.15P 


Lo{G,ar,s) = {g{t) = g-{t)Gg+{t)} , 


(IrlTn) for G = G, 

2. 7 G pv , (RT^ for G = G^‘^. 


(3.17) 


From ()3.16p we find that crr^sig±it)) = g±At) and 

^7^7 = , (3.18) 

From this condition we find that 7 are not arbitrary, but satisfies the following conditions 

= 1, ft = E^Ai)) ^ 


1. 7€pQ^ forG = G, ( ) 

2 . 7 G pP^ for G = G^‘^, 


(3.19) 


where and are invariant coweight and coroot lattices ()C.30p . ()C.31h . 


4 Holomorphic bundles over elliptic curves and automorphisms 
of Lie algebras 

We construct holomorphic bundles over elliptic curves as in Section[2T] passing to the Jacobi 
description of the elliptic curves as the quotient of C*. Let t = exp 2'nizlp = g{^Ip) ^ *11*! where 
p =ord(T, be the parameter of the loop groups and algebras considered in previous Section. The 
action on z of the lattice Z © rZ in terms of t assumes the form 

z^z + 1 t ^ tu!, {(jj = e{l/p)), 

Z^Z + T tg, (g = e(f), ,f = r/p). 

In the coordinate t the curve S,- is defined as the quotient Gq = C*/Z'?. We identify Cq with 
the annulus 

Cq = {teC*\\q^<\t\<\rh- (4.1) 


4.1 Adjoint bundles 

Let P be a principle G-bundle over Cq. Consider the bundle AdQ = V ®Qad g over Cq. Its 
sections F(Adg) = {'l'(t)} are the equivariant holomorphic maps C* —)• g with respect to the 
action of finite order automorphism ar^s (IT^ . 

T(H = cT,,,(^(t)), ujP = l. (4.2) 
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The transition operator corresponding to another cycle is 


T(gt) = Rm{t ), (4.3) 

where the R{t) action is the adjoint action, R{t) G L{G°’‘^) (13.1411 for tc = 1. 

The consistency condition of these transformations implies 

ar,s{R{t)) = CR{tuj)ar,s , C e Z{G) . (4.4) 

If C = Id, then (|4.4I1 means that R{t) G Lq{G°‘‘^,(t) (|3.16p . 

The gauge group Qa{G) is the group of automorphisms of the ^(i^(C'q)-bundle. It follows 
from (14.2p that it is the group of equivariant holomorphic maps (|3.16l) . Remind that in the 
decomposition (|3.17l) 7 is not arbitrary but satisfies (I3.19l 2i. 

The group Gcr{G) acts on the transition operators as 

R{t) f{qt)R{t)f~^{t). (4.5) 

This action preserves (jl31). 

We attach to the marked point t = 1 a flag variety Flag ~ GjP, where P is a parabolic 
subgroup of G and assume that Ga{G) preserves the flag. Then the gauge group is dehned as 

GAG) = {fit) : C* ^ / G LoiG<^^,a), fit)\t=i = P)} . (4.6) 

Lemma 4.1 The bundle AdQ defined by (E2P equivalent to the bundle Adf^, 

where v is the diagram automorphism. AdQ is defined by the transitions of its sections 

T(ta;) = z^(T(t)), u = e{l/r), (4.7) 

T(gt) = i?(t)4'(t), i?(t) = Adf-p^Rit), (4.8) 

where p = orda and e(K) is 113.5\) }. 


Proof 

Consider the gauge transformation fit) = F, where x G f)o- R follows from (|4.2I) that 

^ 7 . , ,Xj.X „ J. — X , ,X „ 

If X = —pn, where k is dehned in (|3.5p . then under this transformations Or^s ^ and we 
replace (14.21) on (14.7p . 

In this way we stay with the diagram automorphism (14.711 . Acting by 





^ ^ (® )jk^kRj 

j,k=l 


(4.9) 


on Rit) we come to (|4.8p .D 


Remark 4.1 Consider the monodromy M. = ^i—rYl'j k=iA~^)jkSkHj) of the gauge transform 
T/ie inverse Cartan matrices (uj-fc)”^ for Dynkin diagrams with nontrivial symmetries 
have fractional matrix elements iajk)~^ such that iAjA~^ integer, where I is the order of the 
center ZiG) i2.'7\ ) ofG. Since the center is isomorphic to the quotient of the weight and the root 
lattices ZiG) ~ P/Q, the monodromy M. is the element of ZiG). Therefore, A4 is well defined 
as an element of the Cartan subgroup C G^"^ . 












(4.10) 


Remark 4.2 It follows from jf.I] ) that the sections 4' G r(.4fi^) have the periodicities 

^{tuj^) =-^{t), (a; = e(l/p)), 

while the sections 4^ G T{AdQ) have the periodicities 

'^{toj^) = 'l'(t), {p> r). 


Now we consider the bundles AdQ^Cg) defined by (j4.7l) . ()4.8p . The condition ()4.4p assume 
the form 

u{R{t)) = CR{tuj), C^2{G), Lv = e{l/r). (4.11) 

The moduli space of the bundles for fixed ly and C is defined as the set of {R{t)} satisfying ()4.1ip 
up the gauge transformations (|4.5I) 

Bun,,^{Adf.{Cg)) = {R{t) I iyiR{t)) = CRite^^^^D/GAG) ■ (4.12) 

Here Gu{G) is the group (14.61) . Our goal is to describe a big cell in this space. First we prove 
that the bundles AdA{Cq) are topologically trivial. 

We will prove below lProDosition l4.2p that any transition operator R{t) in a neighborhood 
of constant maps from Cg to the Cartan subgroup x = e(u) G R{G) is represented by the gauge 
transformation /(t) = 1 + j:(f) 

R{t) = f~^{qt)^f{t) ■ (4.13) 

Passing to the Cartan subalgebra we rewrite (|4.1ip as 

z^(u)-u = ^, (,^ = e(0), (4.14) 

Since R{t) takes values in the element u is defined up to the shift on the weight lattice 

u~u + 7 , 'j ^ P . (4-15) 

On the other hand, ^ G P in (14.1411 is defined up to addition an element from the root lattice 
/3 G Q. Note that ^ is not an arbitrary element of P but belongs to the image of the operator 
T acting on f} as 

T : t) —fi, X iy{x) — x . (4-16) 

In particular, it acts on the weight lattice T : P ^ P. Let 

P'^ = im{T), P~^ = {^ e P\^ = 1 /( 7 ) - 7 , 7 G P} . (4.17) 

Proposition 4.1 The bundles AdQ{Cq) are topologically trivial. 

Proof 

We prove that any ^ G P^ (j4.17p can be gauged away by the shift of u (|4.15ll by an element 
7 G P 

(C G im (T)) ^ (C = 1 ^( 7 ) - 7 , 7 e -P) • 

Represent x G im (T) in the basis E of fundamental weights (|C.28p x = cizui +... + CnVUn- Since 
z^(H) = E then E is an union of the orbits 

Oj = {wj, ^{wj), ..., A~^(wj)} . 
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of length r = 1,2 or 3 (for D 4 ). The operator T acts on orbit O of the length r > 1 as the 
r-order matrix 

/ -1 1 0 ... 0 \ 

0-1 1 ... 0 

0 -1 1 

\ 1 0 ... 0 -1 / 

This operator can be inverted on the r — 1-dimensional subspaces 

{cjUJj -I- ... -I- I Cj -I- ... -I- c^r-ij = 0} . (4.18) 

In terms of the z^-action this condition can be reformulated as 

{x E im (T)} {x -|- iy{x) z/^“^(x) = O} . (4.19) 

For E P all coefficients Cj = rij are integer, and ^ E im (T) if rij riyv-ij = 0. In 

this case ^ in (I4.14p can be adsorbed by the transformation u —)• u-l- 7 , where 7 = 

Ej nj = O.B 

The last statement means that the adjoint bundles of Lie algebras defined by (|4.2D has only 
one component corresponding to the trivial characteristic class and in this way the bundles are 
topologically trivial. Thus, instead (14.141) we can consider 

z^(u)-u = 0. (4.20) 


It means that u E f)o- 

Now we prove that in a neighborhood of u almost all transitions R{t) are images of e(u) 
under small gauge transforms. 

Proposition 4.2 Let x = e(u), u E f)o 16113)) . Then there exists a small gauge transformation 
(f{t) = 1 + j(t), j(t) E Lie{Qu{G)) such that near the Cartan element x almost all R{t) can be 
represented as a gauge transform of x 

R{t) = {1 - ^{tq))x{l + ^{t)). (4.21) 


Proof 

Represent R{t) as R{t) = e(u) + 5R{t), where 6 R{t) is small. Then infinitesimally (I4.2ip can be 
rewritten as 

jc{tq)e{u) — e(u)y(t) = 6 R{t) — 6 Rq . (4.22) 

Here 5Rq is a constant element. The substraction of 5Rq provides the r.h.s. of ()4.22l) belongs 
to the image of the operator 

Dg{u) : Lie {Gu{G)) ^ Lie {Gu{G)) ® , 

(T)q(u)y)(t) = {Ad^^^)^{tq) - p(t)) dt/t. 

The prove is based on the existence of the Green function G(u, t) of Dg taking values in g (g) g 

G(u, tq, ti))e(u) — e(u)G(u, t,ti) = I ■ 5{t, ti) — . (4.23) 

Here conjugations by e(u) is taken with respect to the first argument, 6 {t, ti) is a linear functional 
on the space of Laurent polynomials (IB.5p . ()B.6p and X and X^ are the two-tensor on 
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0 ( 8 ) 0 , (defined in the following way. Let {Tq} be the basis (|C.16p and Ca^b = {Ta, Tb) is the Killing 
metric (|C.17p . (|C.26p in this basis. Then 


i 

T = Y^ <S)Tb, = ^tl® cl, (see (I(7l5]l , . 

a,b k=l 

We have (X,Tc )2 = Tc®Id, where (X,Tc )2 = tr 2 (X,Tc). In fact, G(u,t,ti) is defined in terms of 
the classical r-matrix calculated below (jb.dp . (16.4p 

G{u,t,ti) = r(u,f/fi). 

It satisfies (14.231) due to (|6.3I) . (|6.4p . (14.5811 . 

Solutions of (I4.22P in terms of G{t, s) assume the form 

p(u,f)=/ (G(u,Lfi)X(ti ))2 , (e> 0 ). 

where = 6 R{s) — 6Ro. ■ 

Thus, we found a gauge transformation 

R{t) jc e nf C G'^'^, X = e(u). (4.24) 


where the element u G f)o. 

We analyze solutions of (I4.20p up to the transformations preserving its form (the residual 
gauge transformations). Such solutions define the moduli space Bun^^(^{AdQ{Gq)) (|4.12l) for 
C = Id. 

First we described the residual gauge transformations. Let Wq be the Weyl subgroup of 0 o 
defined in Appendix C. It is the Weyl group generated by the reflections of the root system R, 
and let P'^ is the coweight lattice of 0 o ()C.30D . 


Proposition 4.3 The equation ^.20 ) is invariant with respect the following transformations 

tc • (u) + 7 i + 72 r , 7 i G , 72 G , tc G Wo , . (4.25) 


u 


Proof 

Remind that the elements exp 27rz7 for 7 G P^ generates the center of the universal covering 
group Gq. In other words, exp 27rt7 is the unity element in Pq'^. Therefore, 3f?eu in (|4.24l) is an 
element of the quotient 

3fteuGf)o/P^, (u + 7 ~u, for 7 G P'^) . (4.26) 

In this way )Reu can be chosen from the fundamental domain in f}® under the action of the 
affine Weyl group W^jj = Wq k P^ (IC.37p . 

The residual gauge transformations of u is the subgroup Lo(P“'^) C Qy{Gq,G°‘'^) (14.6p of the 
equivariant maps to (see (I3.19p ) 

4.o(P“'') = {f{t) = t'^Ht) I 7 G r■P^ Ht) = Y, hkt ’^, hk G P'^'^, n{hk) = uj-^hk] . (4.27) 

k 
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(4.28) 


It acts on X (j4.24p and on u as 

X —)• , {q = e{T/r), q = e{T)) , u — )• u + 7 r , 7 E . 

Then due to ()4.26p and ()4.28p solutions of (|4.20p are invariant under the shifts 

u —> u + 7 i + 72 r , ( 71,72 E P'^). (4.29) 

In this way, u belongs to the fundamental domain 

u E , (4.30) 

where is the Bernstein-Schwarzman group pjgenerated by Wq and the shifts (14.2911 

W'bs = W/q ^ {tP'^ © P"^). (4.31) 


Thus the moduli space Buny^id{AdyQ{Cq)) ()4.12ll : 
• is independent on Q (|4.12l) : 


• is isomorphic to the fundamental domain of the Bernstein-Schwarzman group (|4.31l) 


Bun^jd{A(PG{Cq)) ~ ^o/W'j,s{r) . 


(4.32) 


It can be proved that this quotient can be described in terms of the curve Cq and the invariant 
weight sublattice P^ 

\)o/W'Bs{r)^{Cq®P^)/Wo, q = e{T). (4.33) 

To pass from the ^dg(C'q)-bundles to ^(ig(C'g)-bundles we act on the sections T{AdQ{Cq)) 
by the gauge transform (j4.9p . 


4.2 Holomorphic bundle with non-diagonalized automorphisms 


Here we consider a holomorphic bundle (14.2p . (14.31) . where R{t) is not an element of the Cartan 
subgroup 'H{G) as was assumed in ()4.13ll and ProDosition l4.21 but belongs to the Weyl group 
W{G). More concretely, let G = SL(A^, C), N = 2n and i' is the outer automorphism of the Lie 
algebra sl(A^, C) (1C.II) leading to the invariant subalgebra sp(n). The action of R{t) is generated 
by the automorphism A of the extended Dynkin diagram (1C.91) fl®** of the root system 
It acts by the cyclic permutation on the roots ao —oi —>■ 0:2 —^ • • • —ctO; and R{t) = A = A”. 
Represent x E sl{N,C) as the 2n x 2n matrix 


Define the action of the outer automorphism ly as 


i^{x) = 


^ , A = jA^j , j = {E^k = hn-k+i] ■ 

The action of A is performed by the conjugation by A 

A = f ^ 

V Idn 0 

Note that the transformations u and A anti-commute 

z/(A)A“^ = —Mn ■ 


(4.35) 


(4.36) 


(4.37) 
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4.2.1 Special basis in sl(A^, C) 

Since = Id and = Id and due to ()4.37p the Lie algebra s^A", C) (and more generally 
gl(A, C)) acquires Z 2 0 Z 2 = {(a, 6)} gradation 

Ad\x = ±x , u{x) = ±x , 


{a,b) 

(A,i/) 

(0,0) 

(0, 0) 

(0,1) 

(0, “) 

(1,0) 

(“, 0) 

(1,1) 

(-,-) 


(4.38) 


Instead of the i/-consistent basis (jC.lOp . (jC.14p in sl(A, C) we consider a basis related to the 
gradation (j4.38p and the structure (I4.34p . Consider the orbits in the space of the gl( A, C)-basis 
{Ejk} under the action of the Z 2 © Z 2 group generated by u and Ad\. Let Ojk be the orbit 
passing through Ej^, or Ej^^+k Ui k = 1,... ,n). Then 

{Ej,K , = A)} = {Jj+k<n+lC>jk ■ 


HOjk) = \^ 

We introduce in gl(A, C) the basis 


4, j + k < n + 1, 
2, j0A; = n0l, 


{E{^a^b),jk ’ CL^b 0 , 1 , J, /l 1 , . . . , 71} 


(4.39) 


in terms of the tensor product of the sigma-matrices a^, {k = 0,... ,3) with the gl(n) matrices. 
Let Ejk be the basis in gl(n). then Tj^b) defined as follows. For j + k<n + l it takes the 
form 

''^,a),jk ~ *^0 0 {Ejk ~ (~1) Eji—k+l,n—j+l) i 'T{Q^a),jk ~ *^1 © {Ejk 0 (~1) En—k+l,n—j+l) j 
''^~{l,a),jk ~ *^3 0 {Ejk ( 1) L/n—j+l) j '^{l,a),jk ~ *^2 0 {Ejk 0 ( 1) L/n—j+l) • 

(4.40) 

If j 0 /c = n 0 1 then 


'^0,0),(i,n-j+l) “ ® Ej^n-j+l , ~ 0 Ej^n-j+1 , 

'^{l,0),{j,n-j+l) = ^^2 0 Ej^n-j+1 , "Tfi^i^^^j^n-j+l) = ^^3 0 Ej^n-j+l ■ 


(4.41) 


It will be convenient to select the diagonal elements of the basis. Let Cj = Ejj. Then 
for n = 21 

^( 0 ,a)J = '7S,a)ji = ^0 0 {ej - {-iTen-j+l) , 

^(l,a)J = 'T^l,a),jj = ^3 0 {ej - {-l^en-j+l) , 

For n = 21 + 1 


0 <j<l. 


(4.42) 


^(0,a),j = T^o^a),jj = ^0 0 {ej - {-l^en-j+i 0 6 a,iei+i), g ^ ^ ^ 

'E{l,a),j =T^l^a)Jj = ^3® {ej - {-lTen-j+i +6a,oei+i), - ’ 


(4.43) 


^(0,1)1+1 — "^,0)1+11+1 — <^0 0 ei+i , 

^{ 1 , 0 ) 1+1 = Tjj = 0-3 0 ez+ 1 . 
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Consider the action of v and A on the basis. From (14.35^ we find 


, (4.44) 

It follows from (I4.86p that the adjoint action of A takes the form AdA('7^“b)) = 

Therefore 

= i-lTT^afi) • (4.45) 

The Killing form Tr{EjKEiM) = ^KI^JM in gl(Ai, C) leads to the following norm for the 
generators 

('^{a,b),jk^'^(l,d),im) = ^achd^ki^jm ■ (4.46) 

In what follows we need the commutation relations of ^{o,o),i with other generators. For 
n = 2/ + I and j < k 




' I. 
2 . 
< 3. 

4. 

5. 

\ 


i^ij ^ik)Ti^a,b),jk ’ 
A- T" 

'{a,b),jk ’ 

i^ij + ^ik)T^a,b),jk ’ 

<Ji,n-k+l >{a,b),jk ’ 

{5ij - ^ik)Ti^a,b),jk ’ 


j ,k<l, 
j<l,k = l + l, 
j<l,k>l + l, 

j,k > I + 1 . 


For j > k the right hand side changes sign. If n = 2/ then the lines 2. and 4. omit. 


(4.47) 


4.2.2 Bundle Ad’'^^{Cq) 

The bundle Ad'g^{Cq) is defined by the transitions acting on its sections T{Ad’g^) as 

T(-t) = KT(t)), (4.48) 


T(gt) = AdAT(t) (4.49) 

(compare with ()4.2p . (I4.3p l. These conditions are consistent because of (|4.37p . In particular, 
(I4.37P means that the bundle Ad!g^{Cq) defined by (I4.48p . (I4.49P is topologically non-trivial (see 

dHH)). 

The z/-invariant subgroup of SL(A^,C) is the symplectic group Sp(n,C). Its subgroup 


Go = {/GSp(n,C)|AdA/ = /} 


preserves ()4.37l) . It plays the role of the constant gauge transformations. Consider the diagonal 
gauge transformations. Let u = (ui ,... ,ui), where I = [n/2] and u = {ui,... ,ui). Define the 
diagonal matrix u G T^oo C LieiGo) (14.4211 . (14.4311 

^ ^ I diag(u, -u, u, -u ), _ n = 21, 

\ diag(u, 0, —u, u, 0, —u ), n = 21 + 1. 

Since u G Hoo we can replace (I4.49p by the more general condition 

T(gt) = Ade(u)A4'(t). (4.51) 

It does not break the consistency condition ()4.37p . The vector u is the tangent vector to the 
moduli space of the bundle Bun{Ad'g^{Cq)). As above, u is defined up to the action of. Let 
Wq is the A-invariant subgroup of the Weyl group IT(sp(n,C)), and Pq is A-invariant coweight 
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lattice of sp(n,C). The lattice Pq has the rank I = [^]. In terms of the basic vectors in 
f) C sl(A^, C) its generators have the form 


i 

— (ci T (^n+1 C2n) j ■ ■ ■ j ^ (^n—k+1 T (^n+k (^2n—k+l') ■ 

k=l 


The Bernstein-Schwarzman group is defined as 

W^Bsir) = W,^KiTP^(BP^). 
In particular the shifts act on u (14.50^ as 

u ~ u + 7i + 72 r , 7i , 72 G Pq 
In this way the moduli space of A(fg^{Cq) is defined as 


BunM^iCq)) ~ -Hoo/W^s. 


Represent the sections of the bundle Ad^j^ {Cq) in the form 

i^a,b{t) + Ca,b{t) . 

0 ,0-,6=0,1 

I I 

<b(i) = Y ^{a,b),jkit)'T'(ab),jk > Ub{t) = Yka,b)jit)'^ia,b},, 

j,k=l j=l 

The section takes value in sl(iV, C) if 

Ej=i C(oi) j it) = 0, for n = 2l, 

2 Ej=i '^( 01)7 (t) + ^(oi),z+i(0 = 0, forn = 2Z + 1. 


(4.52) 


(4.53) 


(4.54) 


(4.55) 


(4.56) 


The quasi-periodicity properties of the sections in this basis follow from (14.441) . (|4.45l) . (|4.47l) 


where 


l)V“z,(0 

) ?a, 

1-0 = (- 

l)^ea,10, L,biqt) = (-l)“4,fe(0, 

(4.57) 


Ofa 

II 

%fe0fa,b),ifc(0 , 

(4.58) 


' 1. 

{Uj - Uk) 

VI 



2. 

Uj , 

j < Z , A: = Z + 1 , 


II 

3. 

{Uj -k Uk) 


(4.59) 


4. 

fc+1; 

j = 1 \ ^ k Y ^ ^ 



. 5. 

{Uj - Uk) 

j^k > 1 -\-1. 



4.3 Twisted vector bundles 

To construct vector bundles over Cq with non-trivial characteristic classes we replace the adjoint 
bundle Ada ()4.2p by the vector bundle Eq defined as follows. Consider a (reducible) represen¬ 
tation TT of the Lie algebra g (jC.ip in V. Let Vq be an irreducible g-module with the highest 
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weight r] & P. Assume that the diagram automorphism v acts in a such way that vr] ^ rj. The 
module 1^ is a sum the highest modules 

^ = (4.60) 

For example, we can take 


0 

V 

V, 

iy{r]) 

K(»?) 

1 

TJ7l 

n 

'^n—1 

n 

Dn 

VJn 

left spinors 

'^n—1 

right spinors 

Eq 

VJ-l 

21 

ZUq 

21 

Da 

tJ7l 

8 ^ ^3 , 

B 

II 

loo 

loo 


Table 1. Examples of representations corresponding to non-trivial bundles 

We dehne the vector bundle Eq as the associated bundle Eq = Eq XqV. The sections 
V’(t) € T(Eq) are transformed as (compare with (14.71) 1 

ip{tu;) = , (a; = e(l/r)), (4.61) 

, Re7r{g), geG. (4.62) 

From (I4.6ip we find that the action of u changes components in the decomposition (I4.60p . If, 
for example, takes value in then takes value in Vyi+i(^^y 

The gauge transformations of the sections T{Eq) preserving the consistency condition (|4.1ip 
have the same form as before (j4.5l) . Then, locally (14.111) takes the form (|4.14p . 

It is crucial, that in the contrast with the adjoint bundles the transition operators R in the 
vector bundles act in the modules of the group G. It means, in particular, that in (14.141) ^ is 
defined up to 7 G Q. 

Similar to the lattice (I4.17P define the lattice 

Q'^ = im{T), Q'^ = {^gQ\^ = 1 /( 7 ) - 7 , 7 G Q} . (4.63) 

Consider the r.h.s of (|4.14l) . It is an element of P^ (|4.17l) . On the other hand, since x = e(u) is 
an element of the Cartan subgroup R G G the element u G f} is dehned up to elements from Q. 
The Q-action on u in ()4.14p means that ^ is defined up to elements from . In other words, ^ 
can be considered as an element from the quotient group 

^ G P^/Q^ = Z’^iG) C Z{G) ~ P/Q , 

The condition ()4.18p allows one to describe the quotient explicitly in terms of the basis of 
fundamental weights. In Appendix A we prove that it has the following structure 
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0 

00 

Z^{G) = P^/Q^ 

Z{G) = P/Q 

Weights generating Z’'{G) 


1 

2 

3 

4 

5 

1 . 

A2n-1 

Cn 


^2n 

ZUl 

2 . 

A2n 

Bn 

^2n-|-l 

^2n-|-l 

ZUl 

3. 

Dn +1 

Bn 

Z2 

Z4, or Z2 © Z2 

VJn 

4. 

Di 

G2 

Z2 ® Z2 

Z2 © Z2 

ZUl ) '^3 

5. 

Eq 

Ea 

Z3 

Z3 

ZUl 


Table 2. The group 


Thus, for the group SL(A^, C) {N = 2n) and Spin 2 n +2 the group does not coincides with 

Z{G). 

Remark 4.3 The group Z''{G) differs from the center Z{Go). For example, in the first line 
Gn^Go= Spn, Z{Spn) = 1^2, whlk Z"(5L2n) = Z,- 


Now consider the transformations of u preserving (|4.14l] . The elements exp 27^^7 for 7 G Q'^ 
are the unity elements in Gq. Therefore, u in (I4.24p is an element of the quotient 

3?euGl)o/Q^) (u + 7 ~ u, for 7 G . (4.64) 

Thus, 5Reu can be chosen from the fundamental domain in t)® under the action of the affine 
Weyl group Waff = Wq^Q'^ dUSH). 

The residual gauge transformations of u is the subgroup Lq{'H) C Qi,{Gq,G) (14.611 of the 
equivariant maps to TL (see (13.171) and (|3.19p l 


Lo('H) = {/(t) = Gh{f) I 7 G rCfi^ , h{t) = ^ , hk^FL, u{hk) = to ^hu} . 

k 

Similar to (I4.25p the moduli space of the £(g-bundles is the set of pairs (u G f)o, C £ T*) satisfying 
(I4.14p . and invariant with respect to the action 


VEa ■■ 


u u + 7i + 72 r , 71,72 G <3^ , 

^ + 73 73 ^Q^- 


(4.65) 


We define the corresponding to the lattice Q'^ the Bernstein-Schwarzman group 

Wbs = Vko k {tQ^ © Q^). (4.66) 

Thus, for a fixed C = e(0 G Z’^{G) we can identify the moduli space with the fundamental 
domain of the Bernstein-Schwarzman group 


Bunq^^jEgiGg)) ^ \jo/WBs{r) • 

Thus, the general solutions of the equation (I4.14p has the form 

u + vuj , u G Bunq^^{EQ{Gq)) , 

and vjj is a fundamental weight of the Lie algebra g satisfying the equation 

v{wj) — Wj = ^ . 


(4.67) 

(4.68) 

(4.69) 


Solutions of this equation are given in the column 5 of Table 2. The proof is contained in 
Appendix A. 

The element ^ defines the characteristic class of the Sg-bundle. Note, that the moduli space 
are independent on the characteristic class C- 

As above to pass to the general automorphism ar,s = p.Sp . ()3.7p we apply the gauge 

transformation / = t^^ (IMD. 
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5 Higgs bundles 


The Higgs bundle 'H{G, T,g) over the Riemann surface T,g is the pair {Eq, <h), where Eq = ExqV 
is a holomorphic vector G-bundle, associated with the principal bundle £ and <1> is a Higgs field. 
It is a holomorphic 1-form on Eg taking values in EndEg. The Higgs bundle can be equipped 
with a symplectic form. The group of automorphisms of the underlying vector bundle can be 
lifted to the Higgs field in a such way that it acts as the symplectomorphisms of the Higgs 
bundle. 

In what follows we describe the Higgs bundles related to constructed above three types of 
holomorphic G-bundles over elliptic curves Adc, Ad’^g^ and Eq . 

5.1 Higgs bundles related to Ado and Eq bnndles 

The Higgs bundle 'H{G,Cq) is described by the pair where R{t) is the transition 

operator (|4.3p and <1 is a holomorphic one-form in a neighborhood V of the contour 71 = {\t\ = 
|g 21 } taking values in the endomorphisms of the bundles <1 = ^ End{Q)). There 

is a well defined symplectic form on H{G,Gq) 

^ jf mR-Hmt)) A DR{t)) . (5.1) 

We assume that <I>(t) is the equivariant map <I>(t) £ Co{Q,t) (13.9p . 

Ott? 

, {(jj = exp -). (5.2) 

r 

The form (j5.ip is invariant with respect to the Qu{G) -action (|4.5I) and 

■ (5.3) 

This symplectic action leads to the moment map 

/i : n{G,Cq) ^ Lie*{g^{G)), 


defined by the functional 

imm){R-\t)mRmt)) , m g Lie{G,{G)) . 

As in [5] we find that the zero moment map implies that can be extended holomorphically 
from the boundary (71 = {|t| = |g 2 |}j 72 = {|t| = |q|“ 2 }) inside the annulus with at most a 
single pole at t = 1 and such that on 71 

= R-^{t)<^{t)R{t). (5.4) 

Since the gauge group preserves a flag at t = 1 from (j5.3l] we find that the Higgs field l>(t) has 
a pole at t = 1 we assume that the elements of Lie algebra of the gauge transformations 

Res ^{t)\t=i = S , (5.5) 

where S is an element of coadjoint G-orbit attached to the point t = 1. Details can be found in 

[3126]. 
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Acting by the gauge transformations on R{t) (14.241) R{t) -A e(u) we transform simultane¬ 
ously the Higgs field 

$(t) L{t). 

The transformed Higgs field L{t) plays the role of the Lax operator. In these terms ()5.4I1 assumes 
the form 

L{q~^t) = e(—u)L(t)e(u). (5.6) 

Solutions of this equation and ()5.5p L = L{S, u, v, t) depends on an additional parameter v G f)Q. 

The reduced phase space can be considered as the cotangent bundle T*Bun({Cq,G) to the 
moduli space of holomorphic bundles with the quasi-parabolic structure at t = 1. (S, v, u) play 
the role of local coordinates in T*Bun(^{Cq, G). Here S is an element of symplectic quotient of a 
coadjoint orbit of Gq with respect to the Cartan subgroup action. We come to this point below. 
The coordinates (v, u) are canonical 


{Vj, Itfc} — Sjk . 

and (see (14.671) 1 

r Bun,,i{AdG{Gq)) ~ 

1 Bun^,^{Ea{Gq)) ~ 

Summarizing we define the Lax operator by the conditions We hnd from (|5.2p and (|5.4p 

1. i'{L{t)) = , 2. = A(ie(u)L(t), 3.ResL{t) = S. (5.9) 

We preserve the same notation S for the residue of the Lax operator. 

Consider the first condition. From (jC.2p we have 

r—1 

L{t) = Lrn{t ), (r = 2,3), (5.10) 

m=0 

L/m ^ Qm ^ , L^(tuj) = UJ Lfyi{t) . (5.11) 

To define the Lax operator, satisfying 1. and 2. (|5.9p we use the root basis ()C.12D . (jC.13p . 
In the root basis we have 

Ro{t) = Lo|(,(t)p)o + ^ Lo,a{t) , 

a£R 

Lm{t) = L m m E 

aeRs 

We decompose the residue 3. (|5.9p of L in the basis (jC.16p 

r—l n n 

s = Y,Sm, = + s^ = Y,sicT+Y.sit^. 

m=0 k=l aeR ^=1 aeRs 

It is convenient to represent the Cartan part Sq in the coroot basis ()C.27h 

n 

Sl = Y,S^o^k = Y.SlHa- (5.12) 

k=l qG!! 


(5.7) 

(5.8) 
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The invariant component of the Lax operator can be expressed in terms of the functions 
g{s,e\q) (jBT]) and ^i(r|g) (lBlT]l 

n 

+ SoEi{f\q))zl + Sag{s'^^{u),E\q)Ea , Sa(u) = exp 27rzu« . (5.13) 

fc=l aeR 

It satisfies (j5.9p due to (IB.7p . (IB.IOD and pB.Sp . The Cartan part L^it) can be rewritten in the 
simple coroot basis (see (p5.12lB 

n n 

Llit) = Y^ivk + S^E,{E\q))cl = J2vktl + Y. SiE,{f\q))H^ . (5.14) 

k=l k=l Qgn 

The terms SQEi{t\q)c^ in (|5.13l) violate the residue theorem and, due to (IB.121) . brake the 
symmetry 2. p5.9p . The origin of this contradiction is that there is residual gauge symmetry. In 
fact, these terms vanish after the applying the symplectic reduction with respect to the action 
of the invariant Cartan subgroup "Hq- The conditions Sq = 0 play the role of the moment 
constraints. (See details in |27jl. We neglect this term in calculations of the Hamiltonians. The 
described below r-matrix defines the Poisson brackets before the residual reduction. For this 
reason it contains the corresponding anomalous term (see (j6.3p l. Note that Lq is the standard 
Lax operator for the spin Calogero-Moser system related to the invariant subalgebra 0o- 

The other components of the Lax operator assume the following form. Introduce r functions 


(s, t|g) = t^gisq^/\f\q ), (m = 0,..., r - 1) , (s, E\q) = gis, f\q)). (5.15) 

g^'^Hs,t\q) = (j){u + ^,z\T), t = e{z/r), s = e{u), q = f. 

They have the quasi-periodicities 

g(-^^is,t-uj\q)=u;^g^^\s,t\q), (5.16) 

srg^^Hs,tq\q) - g^"^\s,t\q) = 6{t, 1) - 1 . (5.17) 

Similarly to (IB.31) we have 

Res g^'^^{s,t\q)\s=i = 1, Res g^'^^s,t\q)\t=i = I. (5.18) 

In terms of these functions the other components of the Lax operators can be written as 

n 

= E (5.19) 

k=l ol^Rs 

Due to (j5.I6p and (I5.17P these components have the proper quasi-periodicities (15.lip . 


For the Eq bundles we should replace u on u -|- , where Wj are solutions of (j4.69l) taken 

from Table 2. Then from (j5.13p and (j5.19l) we find 

n 

Lo{t) = + SoEi{f\q))tl + Y Sag{s'^^{'a. + Wj),f\q)Ea , (5.20) 

fc=l a£R 

n 

= E + (5.21) 

fc=l oGRs 

Remark 5.1 In the similar way we can consider meromorphic Higgs field on Cq with n > 1 
simple poles. In this way, instead of the twisted elliptic Calogero-Moser systems, that will he 
constructed below, we come to the twisted Gaudin systems. The quantum non-autonomous analog 
of the latter system is the Knizhnik-Zamolodchikov-Bernard equations. They will be considered 
in last section. 
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5.2 Hamiltonians 

The quadratic Hamiltonian H can be found from the expansion of the ii It is double- 
periodic function on Cq with at most second order pole. Therefore, 

= H + E2{t)C2, (5.22) 

where C is the second Casimir function corresponding to the coadjoint G-orbit 




1 

m=0 


To calculate it we use (|C.17p . (|C.26p 


- ^ tr {Lmit)L 

r—m it)) 

m=0 

Then it follows from (jB.lbp that 


i(Lo(t),To(t)) + i(Ti(t)Li(t)) r = 2, 

^{Lo(t)Lo(t)) + {Li{t)L 2 it)) r = 3. 


^ ^ {Lm{t),Lr-m{t)) = E2it)C2iS) + S) , 

m=0 


H{^r, u, S) = u, S) + H'{u, S), (5.23) 

where ^ 

ifo(v, u, S) = const, part -(To(t), Lo{t )), 

const, part h{Li{t)Li{t)) r = 2, 
const, part ^(Li(t)L 2 (t)) r = 3. 

n 

i7o(v, u,S) = -Y,vl + Y,^ 5o“5o-“i?2(u5), 

^—1 di£R 

( 1 

77'(u, S) = ^ S^Sl-^E 2 imTlT) + - mr/r) 

m^O V fc=l a&Rs 

For the ii'Q-bundles we have 




1 

Ho(v, U, S) = - ^ 5o“5o-“i?2(u5 + W,a) 


k —1 a£R 


/ n 

H'{n, S) = Y.{--Y, SrSl-^E 2 imT/r) + ,9“ 5-_“^i^2(ua + mr/r 


m^O \ k=l 


aeRa 
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5.3 CM system corresponding to A(fg^{Cq) bundle 
Similarly to (j5.9p the Lax operator is fixed by the conditions 

l.-u{L{t)) = L{—t), 2. L{q~^t) = , 3. Rest=i L{t) = S . 

Here S is decomposed in the basis (|4.4UI) - (I4.43D 

E (E E ■ 

a,6=0,1 yj,/c=l CK=0,1 j=l J 

According with (14.5411 decompose L{t) as 

m= E E 

a,a,6=0,1 a,6=0,1 

Consider the diagonal part of the Lax operator. If a = 6 = 0 then 


i 


i=i 


(5.24) 


Otherwise, 


^ SS(^o^o)jt^g{q’’e{a/2),t‘^\q)n(a,b),j 


i=i 


The non-diagonal part is 

i 

j,k=l 

where the component satisfy the quasi-periodicity conditions 




Then we find 


L{a,b)jk{t) = Sfa,i,)jA^g{e{-Ujk + a/2)(i’,t\^) = Sf^,,yk^{bz/2)(j){-Ujk + 

The Hamiltonian we find from the expansion (j5.22ll using the Killing form ()4.46ll and the Fay 
identity ()B.16p . As above, we assume that 5'(o,o),j = 0 for j = 1,...,/. Then the Hamiltonian 
H = ^{const. part trL^(t) takes the form 


^ - 2 X] X]‘^(dO)J^2(-^- l'^)+X] ( i^{a,b)jkf^2{Uj±Uk + 


a + br 


t) 


j=l a+6>0j=l 


Q;,a,6 \j^k,j^n—k-\-l 


+ '^i^{a,b)j)‘^ + 

j=l 


a -|- 6r, 




i=i 


(5.25) 
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6 Classical r-matrices and KZB equations 


6.1 r-matrix 


The classical r-matrix is the map Cq x Cq 0 <8) 0, satisfying the classical dynamical Yang- 
Baxter eqnation (CDYBE) (see below). More exactly, it is a section of 0 (8) 0 bnndle over the 
moduli space Buuo- ci^^dniCa)) (I4.32h , or Bun^ c(Er(Ca)) (14.671] defined by the properties of 
the coefficients (IHTHD and dOHD . ’ 

It can be defined the by means of the Lax operator as 


r{t) 


dLi{t) 

dS 2 


( 6 . 1 ) 


Starting with the Lax operator corresponding to the non-trivial characteristic classes (j5.2ni] . 
(j5.21D we come to the r-matrix 


)—1 


r{u,t) = '^rm{t), (r = 2,3), rm{toJ, s) = u: . 

m=0 

n 

ro(u,t) = ^Ei{f\q))cl 0 el + \a\‘^gis^^{u + Wj),E\q)Ea ^ , 


( 6 . 2 ) 

(6.3) 


k=l 


aeR 


r„(u,t) = Y9‘-“’(l,‘''|«){er®cr”) + r E + (6.4) 


k=l 


aeRs 


where E^ is defined by (IC.lSp . g^ ™')(^, Y|g) is defined by (15.151) . 

As in [28] it can be proved that r{t) satisfies classical dynamical Yang-Baxter equation: 


[ri2{tl,t2),ri3itl,t3)] + [ri2{tl,t2),r23{t2,t3)] + [ri3{tl,t3),r23{t2,t3)] - 


(6.5) 


r —1 




m=0 ag Ra 


C®t7 


'”’(%‘(u + roj),«;/i5|5) + e“®l”®C„”a„9l "■’(%'(« +roj),«yi5|«)) =0. 


It follows from ()B.7p and ()B.12p that the r-matrix plays the role of the Green function 
G{t/ti) of the equation (I4.23p . 

The r-matrix (I6.2l) - (l6.4p and described above the Lax operator (15.201) . (|5.21l) define the 
Poisson brackets (15.71) via i?LL-equation: 


{L(ti) (g) 1, 1 ® L{t2)} = [L{ti) (g) 1 -t- 1 ® L{t2),r{ti/t2)] - 


( 6 . 6 ) 


m=0 og Ra 

The anomalous last term vanishes upon the moment constraints (S"^)))^ = 0 


—m 

a 
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6.2 KZB equations 

Let Til be the space of complex structure of the elliptic curve with I marked points {ti,... ,ti). 
An open cell in Tli is described by the coordinates {q = e(r),ti ,... ,ti) ,Y\tj = 1). The KZB 
equations define a flat connection in the bundle of conformal blocks in the WZW theory on Cq 
over Til [laiiaiis]. In our case the variables in the WZW theory are defined by the quasi- 
periodic conditions (14.21) . ()4.3I) . Acting as in [2^ we come to the following description of the 
KZB equations. 

Consider the following differential operators: 


with 


^a = tadt^+d^ + Y.r^^, 

c^a 

Vr = 27ridr + A + — , 

^ b,d 


(6.7) 

( 6 . 8 ) 


r = 


r—1 


r—1 


m,a ^ i—m. 
o 


■°+EE9'^’”’(r{t„/«o)’')tr®'i 


m=0 k=l 


r—1 


= Z] ZJ + Wj), (taAc)'’)C’“ (8) 

n r—1 - 

E E + MtiK) - PitufM" ® 


0,a ^ ^0,c 
"k ’ 


k=l m=l 


where = I®...101^®!...01 (with on the a-th place) and similarly for the generators 
El and the Weierstrass function p is defined in (IB.151) . The following short notations are 
used here; 

g^^\l,{ta/tcY) = Ei{{ta/tcY). 

fien aefi 

As in [29] it can be proved that the connection (|6.7p . (16.8p is flat. 


7 Appendix A: Structure of Table 2 

The group Z{G) = P/Q can be defined in terms of the Cartan matrix ajk = (ctj, a^). Since the 
fundamental weights Wj, generating the weight lattice P, form a basis in f)* dual to the basis of 
simple roots {aj,TUk) = Sjk, we have the following relations between two bases in the lattices P 
and Q Wk = (a)fc/<aj- In particular, ord{Z{G)) = det a. 

It follows from (14.171) that the fundamental weights zuj form the basis 

{rjj = a{wj) - Wj} , (A.l) 

in P^, while elements of the root lattice Q(0) of the form 

{6j = a{aj) - aj \ aj G 11(0)} (A.2) 

^For brevity we write ta “ , instead of representations of these generators in the spaces Ka- 
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form a bases in . By comparison of these two bases we find the structure of quotient group 

We construct Table 2 line by line. 

1) SL(jV,C) , 

We use the canonical basis (ei,...,eAr). Since the fundamental weights of are 


~ — (N-l 1 1 N, 

~V N ’ Af’"'"’ Afl’ 
_ _ fN-2 N-2 2 ^ 

■^2 — y N ^ N : ■ ■ ■ j N) ■> 


Wj = ^ 


N ’■ ■ ■ N ’ Af ’ ■ • • > Af/ > 


1-Ns 


_ / 1 i 

1 \ Af ’ Af ’ ■ ■ ■ ’ A'" 


we find generators of P^{An-i) 

( 

Vj = - 


V 


AT’ AT’-”’ AT’ iV’'"’ AT 

- 


AT’ 


Af-2j 


(A.3) 


where 


f —1 for iV = 2n , 

I for iV = 2n + 1. 


On the other hand, since n(AAr-i) = {ej — ej+i | j = 1,..., iV — 1} we obtain from (IA.2D 


(0,... ,-l, 1,0,... ,0,1,-1,0,... ,0) j = l,...n-l, N = 2n,2n + 1, 
(0, ...,-l,2,-l,...,0) j = n, N = 2n + l. 


(A.4) 


It follows from ()A.3|) and ()A.4p the quotient group Z'^(SL(A^,C)) = P^(A 7 v-i)/Q^(AAr-i) is 
generated by the element r/i. For N = 2n \i has the order n, while for the odd N the quotient 
has the order N. In this way we have derived the first two lines in the Table. 

2 . SO(2n + 2,C), {Dn+i) 

In the Cartan subalgebra \){Dn+i we choose a canonical bases (ei,..., e„,+i) and the system of 
simple roots 


n(Hn+l) — ’ yi — 1, . . . , U , Ctn+l — Cn T Cn+l} ■ 

The dual system of the fundamental weights takes the form 

zuj = ei + 62 + ... + ej , j = 1 ,... ,n - 1 , 

= 2 (®1 + • • • ~ ^n+l) ; "^n+l = ^ (®1 + ' ' ' ^n+l) ■ 

The outer automorphism acts as 


(A.5) 


(A.6) 


a{aj) = 


1 < j < n . 


1 <j <n, 


Oin ^ ^ '^n+1 • 

Following (lA.lh . ()A.2p we find generators of P~^{Dn=i) and {Dn=i) 

Tjn — '^n — 6^+1 ; ■ 


(A.7) 


25 























Thus, the quotient group Z°'(5pin2n+2) ~ ^2 is generated by rj (1X71) . 

3. Spins, {Da) 

Here we have the outer automorphism of order 3. In terms of notations ()A.5ll and (|A.6|1 for 
n = 3 it acts as 

cr(Q;i) = as , a{a2) = 02 , CF{as) = 04 , cr(a4) = ai , 
cr('n7i) = VJs , (j{vj2) = VJ2 , (7{'CUs) = ZUa , (t{w4) = VJl , 

Then is generated by the weights 

pi = mi - ws = ^{1,-1,-1,1), r/2 = - ^^4 =-(0,0,0,1), (A.8) 

while is generated by the elements 


= ( 1 ,- 1 ,- 1 , 1 ), 52 = - 2 ( 0 , 0 , 0 , 1 ) 

Then pi and 772 are generators of the two groups {Spini) = {Da)/Q^{D4) ~ Z2 0 Z2. 

4 . Eq 

The outer automorphism of the Lie algebra Eq corresponds to the symmetry of the simple roots 

n(P6) = (aj) 

(T : ai 0:5 , 02 04 , 03^6 013,6 ) 

The symmetry of the fundamental weights 


mi = 4(4ai 0 502 + 603 + Aa^ + 205 + Sa^),, 
^2 = 1(501 + 1002 + 1203 0 804 0 4 o 5 0 Goe) , 
ms = 2ai 0 402 + 603 0 4o4 0 205 0 3o6 , 
m4 = 4(4 oi 0 802 0 1203 0 IO04 0 5 o 5 0 Gog), 
ms = |(2oi 0 4 o 2 0 603 0 5 o 4 0 4o5 0 305) , 

^ _1_ _l_ Q/^y^ _1_ O/^y . _I_ /^y — _I_ 0/^/.-. 


has the similar form 

a : mi ms , tz 72 o m4 , ^*73,6 ^ '^ 3,6 • 

The lattice {Es) is generated by the two elements of weight lattice P{Eq) 

Pi = mi - ms = \{ 2 ai 0 02 - 04 - 205), ??2 = ^2 - 1174 = -^(oi 0 202 - 204 - 05). (A. 9 ) 

O O 

and {Eq) by the two elements of the root lattice Q{Eq) 

5 i = oi — 05 , 62 = 02 — 04 . 

The quotient group {Eq) = P~^ {Eq) / {Eq) Z3 is generated by one of the elements pi 2 

(1X91) . 
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Appendix B: Some elliptic functions |j2], 
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The main ingredient is the Kronecker function on G C* 


g{s,t\q) = - ^ -- — , for 1 > |t| > |g| . 

mez 


(B.l) 


2 G 










If in addition 1 > |s| > |(7| then 

gis, t|g) = l- ^- ^+ ^ ^ s^re. (B. 2 ) 

i,n<0 i,n>0 

Then 

Resg{s,t\q)\s=i = 1 , Res g{s,t\q)\t=i = 1 . (B. 3 ) 

Rewrite (lEl as 

g{s,t\q) = 1 + g+{t) + g~{t), (for 1 > [sj > |g| , 1 > |t| > |g|), (B. 4 ) 

g+{s,t) = -Yl 

i,n>0 i,n<0 

Consider the distribution on the space of the Laurent polynomials 
= {'tp(t) = cit”'}, defined by the functional 


Resti=o (S(t, ti)V’(ti)) = ipit). 


(B. 5 ) 


It is represented as formal power series 

= ^+(h,t2) + S-(ti,t2), 

kez 


S+(ti,t2) = ^ for |t2| < \tl\, 

6-{ti,t2) = ^'^{t2/ti)^ = - ^ for ItsI > |ti|. 

Fix t G C*. Define two contours in C* with the opposite orientation: 

71 = {Isl = N(l + e), 72 = {|s| = |t|(l-e), e>0, 
and let 7 = 71 U 72. Then in accordance with (IB. 51 ) 


V'(i) = (B.6) 

It follows from dEIl) that the Kronecker function plays the role of the Green function for 
the difference operator 

sg{s, qt\q) - g{s, t\q) = 6{t, 1 ) - 1 . (B. 7 ) 

Let be holomorphic function in a neighborhood of the contour 7, such that Rest=i^^^ = 0 . 
Then there exists a holomorphic in C* solution x{t) of the difference equation 

sx{qt) — x{t) = ip{t). (B.8) 


It is defined by the integral 

= 'ip{ti)g{s,t/ti\q)dti/ti. 


(B. 9 ) 
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In terms of the theta function the Kronecker function can be represented as 

X{ts\q)PHq) 

- - ^1-2^- - \-l-22 

where 


. n?) = !!('-«”)■ 


X(t\g) = 4 V ''®(*5 -(- 1 ) JJ(1 -9”«)(1 -9”) 

riEZ 


n>l 


In the variables {u,z), (s = e(u),t = e(z)) X{t\q) is the odd theta-function 
X{t\q)\t=e{z) = 6'(2|r), and 

e{u + z)e'{o) 


9 {s,t\q)\s=e{u),t=eiz) = z\t) = 

The hrst Eisenstein series are dehned as 

Ei{z\t) = dz\oge{z\T) 

It has a simple poles at the lattice 


6{u)9{z) 


Res Ei(^z\T)\z=m+nT — !• 

In the variable t = e(z) it can be defined on the annulus 1 > |t| > |(?| as the series 


Ei[t\q) = m + 21X1 




gm _ 1 


(B.IO) 


(B.ll) 


The function —■^Ei{t\q) plays the role of the Green function for the difference operator on Cq 


where 5 {t, 1 ) is (IB.6p . It allows one to continue Ei{t\q) from Cq on C*. 
Let E2{t\q) be the second Eisenstein series: 


E2{t\q) =47r2^. 


qH 


= -dl\oge{z\q). 


(1 - qnf 

E2{z\t) = -dzEi{z\T) = dl\og'd{z\T). 
Let r]{q) = q^ nn>o(l “ and 

24 drTjiq) 

Then the Weierstrass function is dehned as 

p{q,T) = E2{q,T) - 2 r]i{q). 

The function g satishes the Fay identities: 


g{s,t\q)g{s ,t\q) = E2 


1 

27 rz 


lnt|g - E2 




\2ixi 


lns|g 


g{si,t\q)s2ds2g{s2,t\q) - g{s2,t\q)sidsi9{si,t\q) = 


1 

27 rz 


E2 




1 

2 ixi 


Insilg g{siS2,t\q). 


(B. 12 ) 


(B. 13 ) 

(B. 14 ) 


(B. 15 ) 

(B. 16 ) 

(B. 17 ) 
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9 Appendix C: Outer automorphisms of simple algebras | I‘22L 

ag 

Let R be the root system of the Lie algebra g of rank I, W{R) is the Weyl group and Aut{R) D 
W(R) is the group of the automorphisms of R. The group Ottt(g) = {z^} is isomorphic to the 
quotient group Aut{Il) ~ Aut{R)/W{R) (see (I.S.ip L This group is non-trivial for the simply- 
laced algebras 

R = Ai, Di, Eq Aut{R)/W(R) ~ Z2 , 

R = Di Aut{R)/W{R) ~ Z3 . 

The outer automorphisms provide the decompositions of g on its eigenspaces 


(C.l) 


0 = ®mio 0rn > 


27r2 

z^(gm) = w^g™,, (w = exp (-)), r = 2 , (or r = 3 for D4). (C. 2 ) 


The subspaces go is an invariant subalgebra of g and g^ are irreducible modules of go- 
Let i) be the Cartan subalgebra, Ea are the root subspaces and 

g = 1) + CEa 

a£R 

is the root decomposition of g. The action of the group Aut{g, f),!!) (| 3 .ip preserves this decom¬ 
position. Then we define the action of z/ on i? as z/a, u E Aut{Il) 

vE^ = Lipa , (a E i. (C. 3 ) 

Represent the Cartan subalgebra as 1 ) = 1 )* -|- zf)* and let 

n = (oi,..., (/-rankg) (C. 4 ) 

be a system of simple roots generating R. Define the Weyl chamber in f)® 

= {x E 1 )® I (x, a) > for a E n} . (C. 5 ) 

Define the invariant basis in the homogeneous component g^ of g. Under the action of v the 
set of roots R is splitted on the orbits on the lengths 1 (invariant subset), O2 of the length 2 and 
O3 of the length 3 (for D4). For all g with non-trivial outer automorphisms except sl( 2 n -|- 1 ) 
{A2n) define two subsets of roots 


Rl = {a = a ^ R \ z2(q;) = a} , 

= {d = y E^io z^”'(a) | a G R, ^{a) / a} 


(C.6) 


The subset R = R; U is the set of roots of the invariant subalgebra go with respect to the 
Cartan subalgebra fio C go- The system of simple roots 

n = {dj , j = 1 ,... ,n} (C. 7 ) 

of the invariant algebra go is the basis of R. 

Let do be the highest weight of the gi module. It is decomposed in the root basis as 

n 

do = '^^ajdij , (C-8) 

i=i 


^Since the algebras are simply-laced their root and weight systems coincide with the coroots and coweight 
systems. The out-invariant subalgebras are not simply-laced and these systems are different. 
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where n is a rank of go- The extended root system 


next ^nu (-do) 


(C.9) 


defines twisted affine Dynkin diagram. 
Let 


r—1 




j=0 


r—1 


m=0 

Then the subspace g^ in (IC.2D has the root decomposition 

gm = ffm + ^ ct™ , m / 0 . 


aeRs 


00 — 1)0 “i” ^ ^ CEa ? E^ 


a£R 


Ec^ — CK G Ri , 
a £ Rs. 


(C.IO) 

(C.ll) 

(C.12) 

(C.13) 


In these terms the set of the root subspaces of g is 

Eo,,{a£ Ri) , 4 (d G Rs), , (d G Rs) - 

The invariant subalgebra go has the rank 

rank go = n , for ^ 2 n , ^ 2 n-i, -Dn+i 
ran/c go = 4 , for Eq , ran/c go = 2 , for D/^. 

Let (ei,...,ej) be a canonical basis in f). The basis in \]rn for m 7 ^ 0 assumes the form 

t)^ = (er,...,en, 


^ i=o 


for i/(efc) / , {k = l,...,n), 


(C.14) 


where n is equal to the number of orbits of the u action on t). In particular, the basis in f)o is 

r—1 


e 2 = 


2 1 _^ 

for i/(efc) 7 ^ Cfc , and e° = e* for i/(ej) = e*. (C.15) 

^ j=o 

Summarizing, the following set of the generators (a = {a,m, k)) defines the basis in g 

(C.16) 


Ta = 


go cimB, E^mM, . 

g™,(m 7 ^ 0 ) ifmB, 


The Killing form on these generators takes the form 

(t^, t^) = , m = 0,..., r - 1 

(L/a; Ej^') , cx G Ri , 

(e-,ep = 


30 


(C.17) 












For g =sl(2n + 1) (^ 2 n) the invariant subalgebra go = Bn- 

0 = 00 ® 01 , 00 = so( 2 n + 1 ) 


The outer automorphism in the fundamental representation of the algebra sl(2n + 1) 
defined as 


/OOj 

v{x) = —Jx^J, '^=1 0 10 

V -j 0 0 


j — {,Bk,n—k+l) • 


The anti-invariant part has the form 


01 


A B \ 

Y 0 1 ], A = jAj, X = Xj,Y = Yj, B = -B^, C = -C^. 

C Y^ A^ j 


The root system of 0 o \s Rb^ = Rs, where the short and long roots are 

Ri = {a = \{a + iy{a)) \ a 7 ^ v{a) and (a, v{a)) = 0} , 
Rs = {a = ^{a + v{a)) \ a / i^(a) and (a, ^{a)) 7 ^ 0 } . 


Let ht (a) be the height of a G i?. The root spaces of 0o are 

r aeRi, 

“ 1 V2{E^ - (- 1 )^* aeRs- 


The other root subspaces are 


In the representation (jC.181) 


r—l 


j=0 


Rl = {a = ^{cj ± Cfc — {e2n+2-j ± e2n+2-k)) , j = ^ ■ ■ ■ ,n} , 
Rs = {a = i(ej - e 2 n+i-i), j = 1 • • •, n} . 


^jk -^2n+2- 

-k^2n-\-2—j 

a 

G 

Rl , 

Ej,n-\-k ^2n+2—fc,2?i+2—J 

a 

G 

Rl, 

^n^k,j ^2n+2—j^2n+2—k 

a 

G 

Rl , 

V^{Ej^n+l — 

En+1^2n-\-2—j) 

a 

G 

Rs, 

V^{En+l,j — 

-E^2n+2—j,n+l) 

a 

G 

Rs 


tk = 


Bjk + B2n+2-k,2n+2-j 
Bj,n+k T B2n+2—k,2n+2—j 
Bn+k,j T B2n+2—j,2n+2—k 
\/2(F'j,n+l T Bn+l,2n-\-2—j) 

T B2n+2—j,n+l) 


long roots, 
long roots, 
long roots, 
short roots, 
short roots. 


The twisted canonical basis in f) Csl(2n -|- 1) is 


— ^‘2n+l—k) 1 ^k — ® 62 n+l —fc) j — 1; ■ ■ • j 


V 2 


V 2 


can be 

(C.18) 

(C.19) 

(C.20) 

(C.21) 

(C.22) 

(C.23) 

(C.24) 

(C.25) 
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The expressions (jC.23h - (IC.24h define the basis in g =s1(2?t- + 1) with the Killing form 


(Pq,, Ej^) 


cx G Ri 5 

{Ea, Ep) 

^ ^^a-P ’ 

cx G Rg f 

(titp = 

' ^^a-P ’ 

long roots, 


' ^^Q-p ’ 

short roots 


(e^, z]) = . 


(C.26) 


We pass from the canonical basis (|C.15h . (|C.25h in fjo to the basis of simple coroots 


20 - • ~ 

= {H^. = H, = , ajen, ([231)} (c. 27 ) 

{aj,aj) 

Let H be the system of fundamental weights of g 

? • • • ? I {^j ? ^/c) ^jk ; ^ ff} ■ (C.28) 


Then the fundamental co-weights H of the invariant subalgebra go are defined as 


Wa 


wj , if k'iaj) = Uj , 

Emio (^J) if («i) / 


(C.29) 


The system = {roj} is dual to the system of simple roots 11 of go {{wj,ak) = Sjk)- 
Let be the coweight lattice of go generated by the fundamental coweights 


P^ = rrijw'j , nij G Z , (C.30) 

1=1 

and C P^ is the coroot lattice 

n 

Q'^ = rrijOj , ruj £2,. (C.31) 

1=1 

It follows from (IC.6D and (IC.29I ) that both lattices are z/-invariant 

l.(pV) = pV ^ ^ gV ^ (C.32) 

Moreover, P^ C P, while ^ Q- 
Let 

= { X G f)o I (d, x) > 0} . (C.33) 

be the positive Weyl chamber and ILq is the Weyl group generated by the reflections of the root 
system R. Then any regular element of 3?e l)o belongs to the Wo-orbit of u G C~^ . 

By means of and Wo define affine Weyl group Wa 

Wa = Wo K Q'^ (C.34) 


acting on 5Re f}o as 

X ^ X — {a, x)a'^ + G k . (C.35) 


32 

















The Weyl alcoves are connected components of the set f)® \ {{a,x) G Z}. Their closure are 
fundamental domains of the VTa-action. The group Wa acts transitively on the set of the Weyl 
alcoves. 

By means P'^ define the semidirect product 

= Wo K D Wa . (C.36) 

The connected components of the quotient 3?el)o/l^a alcoves 

= (C.37) 

The quotient group Z = /Q'^ ~ W^/Wa- These groups have the structure 


Z{G) 


^2 0 — ^2n+l , Dn+l , 

Id 0 = A2n , Di , Eq . 


(C.38) 
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